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Statistical learning; Naive Bayes Learning;

Classification; Evaluation; Smoothing

Chapter 20, Sections 1–3
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Attribution

Modified from Stuart Russell’s slides (Berkeley)

Parts of the slides are inspired by Dan Klein’s lecture mate-
rial for CS 188 (Berkeley)
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Outline

♦ Review: Inductive learning

♦ Bayesian learning

♦ Maximum a posterior and maximum likelihood learning

♦ Bayes net learning

– ML parameter learning with complete data

– linear regression

Chapter 20, Sections 1–3 3



Review: Inductive Supervised Learning

♦ Training Set, Data of N examples of input-output pairs

(x1, y1) . . . (xN , yN)

such that yi is generated by unknown function y = f(x)

♦ Learning: discover a hypothesis function h that approximates the
true function f

♦ Test Set is used to measure accuracy of hypothesis h

♦ Hypothesis h generalizes well if it correctly predicts the value of y in
novel examples

♦ Hypothesis space, Hypothesis being realizable

Chapter 20, Sections 1–3 4



Review: Classes of Learning Problems

♦ Classification: The output y of a true function that we learn is a
finite set of values, e.g., wait or leave in a restaurant; sunny, cloudy, or
rainy.

♦ Regression: The output y of a true function that we learn is a number,
e.g., tomorrow’s temperature.

♦ Sometimes the function f is stochastic – strictly speaking, it is not
a function of x, so what we learn is a conditional probability distribution
P(Y |x).

Chapter 20, Sections 1–3 5



Statistical learning

♦ Training Set, Data – evidence – instantiations of all or some of the
random variables describing the domain

♦ Hypotheses are probabilistic theories of how the domain works

Example: Suppose there are five kinds of bags of candies:
10% are h1: 100% cherry candies
20% are h2: 75% cherry candies + 25% lime candies
40% are h3: 50% cherry candies + 50% lime candies
20% are h4: 25% cherry candies + 75% lime candies
10% are h5: 100% lime candies

Then we observe candies drawn from some bag:
What kind of bag is it? What flavour will the next candy be?

Chapter 20, Sections 1–3 6



Full Bayesian learning I

♦ Bayesian learning: calculates the probability of each hypothesis,
given the data, and makes predictions on that basis

♦ The predictions are made by using all the hypotheses, weighted by
their probabilities, rather than by using a single “best” hypothesis

♦ Thus, learning is reduced to probabilistic inference

Chapter 20, Sections 1–3 7



Full Bayesian learning II

View learning as Bayesian updating of a probability distribution
over the hypothesis space

H is the hypothesis variable, values h1, h2, . . ., prior (unconditional) prob-
abilities P(H)

jth observation dj gives the outcome of random variable Dj

training data d= d1, . . . , dN

Given the data so far, each hypothesis has a posterior (conditional) prob-
ability:

P (hi|d) = αP (d|hi)P (hi)

where P (d|hi) is called the likelihood of the data under each hypothesis

Chapter 20, Sections 1–3 8



Full Bayesian learning III

Predictions of unknown quantityX , use a likelihood-weighted average over
the hypotheses:

P(X|d) = Σi P(X|d, hi)P (hi|d) = Σi P(X|hi)P (hi|d)

where we assume that each hypothesis determines a probability distribution
over X .

No need to pick one best-guess hypothesis!

Chapter 20, Sections 1–3 9



Example I

Suppose there are five kinds of bags of candies:
10% are h1: 100% cherry candies
20% are h2: 75% cherry candies + 25% lime candies
40% are h3: 50% cherry candies + 50% lime candies
20% are h4: 25% cherry candies + 75% lime candies
10% are h5: 100% lime candies

Then we observe candies drawn from some bag:

What kind of bag is it? What flavour will the next candy be?

Chapter 20, Sections 1–3 10



Example I

Assume that the prior distribution over h1, . . . , h5 is given 〈0.1, 0.2, 0.4, 0.2, 0.1〉
(advertised by manufacture)

The likelihood of the data is calculated under the assumption that the
observations are independent and identically distributed, so that

P (d|hi) = ΠjP (dj|hi)

Then two formulas can be put to work:

♦ probabilities of each hypothesis: P (hi|d) = αP (d|hi)P (hi)

♦ predictions of unknown quantity X : P(X|d) = Σi P(X|hi)P (hi|d)

Chapter 20, Sections 1–3 11
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Prediction probability
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MAP approximation I

♦ Bayesian prediction eventually agrees with the true hypothesis (under
certain technical conditions)

♦ Summing over the hypothesis space is often intractable
(e.g., 18,446,744,073,709,551,616 Boolean functions of 6 attributes)

♦ Resorting to simplified methods: approximations

Maximum a posteriori (MAP) learning: choose hMAP maximizing P (hi|d)

Make a prediction based on this single most probable hypothesis

Predictions according to MAP hMAP are approximately Bayesian:

P(X|d) = Σi P(X|hi)P (hi|d) ≈ PMAP(X|d)

♦ Finding MAP hypothesis is often much easier than Bayesian learning

Chapter 20, Sections 1–3 14



MAP approximation II

Availability of more data is essential for the MAP method:
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Maximum Likelihood approximation

For large data sets, prior becomes irrelevant

Consider a uniform prior, e.g., for h1, . . . , h5 instead of given prior 〈0.1, 0.2, 0.4, 0.2, 0.1
consider 〈0.2, 0.2, 0.2, 0.2, 0.2〉

Maximum likelihood (ML) learning: choose hML maximizing P (d|hi)

I.e., simply get the best fit to the data; identical to MAP for uniform prior
(which is reasonable if all hypotheses are of the same complexity)

(MAP) learning: choose hMAP maximizing P (hi|d) = αP (d|hi)P (hi)

ML is the “standard” (non-Bayesian) statistical learning method

Chapter 20, Sections 1–3 16



Learning a Probability Model

♦ Training Set, Data of N examples of input-output pairs

(x1, y1) . . . (xN , yN)

such that yi is generated by unknown function y = f(x)

♦ Learning I: discover a hypothesis function h that approximates the
true function f , e.g, Decision Trees

♦ Learning II: Given a fixed structure of a probability model of
the domain, discover its parameters from Data: parameter learning

As a result given parameters of a problem instance, learned probability
model can be used to answer queries about problem instances

Classification: Observed parameters of a given instance and learned
probability model of a domain provides probabilistic information on the
likelihood of a particular classification

Chapter 20, Sections 1–3 17



Classification Problems

♦ Classification is the task of predicting labels (class variables) for inputs
♦ Commercially and Scientifically Important

Examples:

• Spam Filtering

• Optical Character Recognition (OCR)

•Medical Diagnoses

• Part of Speech Tagging

• Semantic Role Labeling/Information Extraction

• Automatic essay grading

• Fraud detection

Chapter 20, Sections 1–3 18



Probabilistic Models

A naive Bayes model:

P(Cause,Effect1, . . . , Effectn) = P(Cause)ΠiP(Effecti|Cause) (1)

Toothache

Cavity

Catch

Cause

Effect1 Effectn

where “Cause” is taken to be the “class” variable, which is to be predicted.
The “attribute-parameter” variables are the leaves – “Effects”.

Model is “naive”: assumes parameter variables to be independent

Model Training: using Training Set to uncover the conditional proba-
bility distribution of parameters P(Effecti|Causej)

Once the model is trained, given values of parameters of a problem instance,
we can use (??) to classify an instance.
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Independence as Abstraction

Model is “naive”: assumes parameter variables to be independent

May lead to overconfidence

Indeed, all CAPS in Spam is not independent of $$ symbols

Yet, it is often a fine abstraction, and a computationally tractable one

Chapter 20, Sections 1–3 20



Example: Training a Model

Optical Character Recognition

♦ Given a labeled collection M of digits in digital form

♦ nxn grid

♦ Features: Pixeli,j = on or off , Adj

♦ A naive Bayes model:

P(Digit, P ixel1,1, . . . , P ixeln,n, Adj) =
P(Digit)Πi,jP(Pixeli,j|Digit)P(Adj)

Model Training Process: For M

♦ P(0) = count(M,0)
|M | ,. . . , P(9) = count(M,9)

|M |

♦ P(pixel1,1 = on|0) = count(M,0,on,1,1)
count(M,0)

,. . .

♦ P(pixel1,1 = off |0) = 1−P(pixel1,1 = on|0), . . .

Chapter 20, Sections 1–3 21



Example: Classification in OCR

Given parameters-attributes-features of an unseen instance and trained
model we can compute

P(0, pixel1,1 = on, . . . , P ixeln,n = off, Adj = true) = x0
. . .

P(9, pixel1,1 = on, . . . , P ixeln,n = off, Adj) = x9

and then pick the most likely class, i.e., class that corresponds to the max-
imum value among x0, . . . , x9.
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Evaluation

♦ Split Labeled Data into Three Categories (80/10/10; 60/20/20):

1. Training set

2. Held-out set

3. Test set

♦ Decide on Features (Parameters, Attributes): attribute-value pairs that
characterize each instance

♦ Experimentation-Evaluation Cycle:

1. Learn parameters, (e.g., model probabilities) on training set

2. Tune set of features on held-out set

3. Compute accuracy on test set: accuracy – fraction of instances pre-
dicted correctly

Chapter 20, Sections 1–3 23



Feature Engineering

Feature Engineering is crucial!

♦ Features translate into hypotheses space

♦ Too few features: cannot fit the data

♦ Too many features: overfitting

Chapter 20, Sections 1–3 24



Generalization and Overfitting

♦ Relative frequency parameters will overfit the training data

• Since training set did not contain 3 with pixel i, j on during training
does not mean it does not exist (but note how we will assign probability
0 to such event!)

• Unlikely that every occurrence if “minute” is 100% spam

• Unlikely that every occurrence if “seriously” is 100% ham

• Similarly, what happens to the words that never occur in training set?

• Unseen events should not be assigned 0 probability

♦ To generalize better: smoothing is essential
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Estimation: Smoothing

♦ Intuitions Behind Smoothing

•We have some prior expectation about parameters

• Given little evidence, we should prefer prior

• Given a lot of evidence the data should rule

♦ Maximum likelihood estimate

PML(x) =
count(x)

total samples

does not account for above intuitions

Consider three coin flips: Head, Head, Tail; what is PML(x)

Chapter 20, Sections 1–3 26



Estimation: Laplace Smoothing

♦ Laplace’s estimate

PLAP (x) =
count(x) + 1

total samples + |X|

• Pretend that every outcome appeared once more than it did

• Note how it elegantly deals with earlier unseen events

♦ Laplace’s estimate – extended with strength factor:

PLAP,k(x) =
count(x) + k

total samples + k|X|

Consider three coin flips: Head, Head, Tail; what are PML(x), PLAP (x), PLAP,k(x)?

♦ There are many ways to introduce smoothing as well as methods to
account for unknown events
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Summary

Full Bayesian learning gives best possible predictions but is intractable

MAP learning balances complexity with accuracy on training data

Maximum likelihood assumes uniform prior, OK for large data sets

Learning Models, Naive Bayses Nets

Classification Problem by Means of Naive Bayses Nets

Evaluation Concepts

Smoothing

Chapter 20, Sections 1–3 28
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